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I. Introduction. The class of Rationaly Connected (RC for short) algebraic varieties was 
introduced independantly by F. Campana in [2] and by KoUar, Miyahoka and Mori in [10] 
in 1992. This is a natural extension in dimension greater than 2 of the class of rational 
curves. Roughtly speaking, a variety X defined over a field k is rationaly connected if there 
exists some dense open subset U of A, such that for any P,Q E U there exists 99 : — A, 
such that P = ^{0) and Q = 99(00). Formally, we say that A is rationally connected if 
there exists a familly of proper curves g : U Y whose geometric fibers are irreducible 
rational curves, with a cycle morphism u : U X such that w^^-* : U xy U X x X is 
dominant (see [9]). 

Several families of RC variety are known. For n > 2 and d > 1 two integers, we denote 
by xjp an hypersurface of of degree d, defined over k. 

Type I. Rational varieties, and more generally unirational varieties, are RC. 
Type II. X^J"'^^ C P" is RC if < n. 

Type III. It is well known (see for instance [12]) that if k is algebricaly closed of character- 
istic prime to d, then 

7ri(P" - A^""^)) - Z/dZ. 

If d' divides d, there is an unique morphism Yx^d' ^ P"^ of degree d' of P", ramified along 
A. If k is not algebraically closed, Yx,d' possesses several forms on k. We have then : 

Yx,d' is RC if n + d' < d. 

Type IV. Let A = A^""^^ C P'^. Suppose that A contains a fine L = x[^^ C A C P", 

with multiplicity d — 2. Denote by A^" the strict transform of X^ in the blowing 
up of P"^ along L. Then 

A^"-') is RC. 

If A is a variety defined over a field k, we denote by X{k) the set of rational points 
of A over k, and by tjA(/c) its cardinal. We are specially interested with both cases where 
k is finite in chapter III, and where k is the rational function field over an algebraically 
closed field in chapter IV. A central problem of the arithmetic of varieties is: 

Problem. Is X{k) non-empty ? 

Consider first the case of hypersurfaces of P". Then the three following theorems are 
well known: 
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Theorem (Chevalley- Warning, 1936) let P{Xq, . . . be a polynomial of degree d, 
with coefficients in a finite field k of characteristic p > 0. Suppose that d < n. Then the 
number of solutions {xq, . . . , x^) in A;""*"^ of the equation P{xi, . . . , x^) = Q is a multiple 
of p. 

Corollary. In the situation of Chevalley- Warning theorem, if we suppose m,oreover that 
P is homogeneous, then the number of k -rational points of the projective variety X defined 
by P satisfies 

\^X{k) = 1 (modp). 



This theorem was sharpened by Ax in [1] (and then by Katz): 

Theorem (Ax, 1964) Let P{Xo, . . . , Xn) be a polynomial of degree d, with coefficients 
in the finite field k with q elements. Then the number of solutions {xq, . . . , x^) in k'^'^^ of 
the equation P{xi, . . . ,Xn) = is a multiple of q^ , where 



'n 



d- 



a = 



d 



Of course, Ax theorem admits a projective version if P is homogeneous. For rational 
functions fields, we have: 

Theorem (Tsen, 1936) Let k be an algebraically closed field, with rational function field 
k{T), and P(Xo, homogeneous of degree d < n with coefficients in k{T). Then 

there exists a non-zero solution (/o(T), . . . , fn{T)) of the equation P(/o(T), . . . , fn{T)) = 0. 

Hence, if d < n, any xj^ C P"^ possess a rational point over a finite field, and any 

fibred variety in xj^ over the projective line over an algebraically closed field possess 
a section. Chevalley- Warning and Tsen theorems where recently generalised for smooth 
projective RC varieties. The proofs use deep notions, and are completely different in nature 
(see [3] for a proof of Esnault theorem, and [6] for a proof of Gabber and all theorem). 

Theorem (Esnault, 2002). Let X be a proper smooth RC variety defined over the finite 
field Fq with q elements. Then 

iX{Fg) = 1 {mod q). 
In particular, X{¥q) is non-empty. 

Theorem (Gabber, Harris, Star, de Jong (2004)) Let X be a projective smooth RC 
variety over the field C(r). Then X{C{T)) is non-empty. 

As already seen, up to the smoothness assumption. Ax and Tsen theorems are partic- 
ular cases of Esnault and Gabber and all ones for RC varieties of type II. In the same way. 
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they are proved in [9] page 232 (for Tsen type theorem) and in [11] (for Ax type theorem) 
for varieties of type III, also without the smoothness hypothesis. 

The aim of the present paper is to prove Esnault and Gabber and all theorems for 
RC varieties of type IV, without the smoothness hypothesis. The nice points are that they 
give unified proofs, in the spirit of both original Ax's and Tsen's ones, and works in the 
singular case. The bad point is that it works only for sub-varieties of "small degrees" in 
an ad- hoc simplicial toric variety Pe- 

For the sake of simplicity, we will focus on the first interesting case, namely the case 
of the blowing up of a quintic 3-fold in P*^ containing a line with multiplicity 3, which 
justifies the title of this paper. 

II. Toric varieties The Aim of this chapter is to introduce the example of section II. 3. 
3, which will be crucial for our purpose. Let k be any field of characteristic zero or p > 0. 
It will be a finite field in section III, and the field of rational functions over an algebraically 
closed field in section IV. 

II- 1. Toric coordinate ring. We will recall in this chapter the definition due to Cox, of 
simplicial toric varieties. The reader may refer to [4] for details. 

To begin with, recall that the simplest example of proper toric variety is the projective 
space P". Two different constructions may be given: 

- by gluing n+1 affine spaces A"' ; 

- or as a quotient of A"'"'"^ — {0} by the multiplicative group Gm- 

One can associate to a fan (see before) E a toric variety Pe, usualy by gluing affine 
spaces, see for instance [8] or [5]. If the fan E is simplicial, one can alternatively define Ps 
as the quotient of an open subset of an affine space by a torus. This last point of vue of 
Cox enables us to speak about homogeneous coordinates, as in the projective space case. 

Definitions, (i) A convex polyedral cone a in the vector space R'^ is a subset of the form 

(^{v^,...,v^} = {Alt'! -I- ... -I- XrVr] Al , . . . , A^- > 0} 

where vi, . . . ,Vr are r vectors in R'^. We say that vi, . . . ,Vr generates the cone, 
(ii) The cone a is simplicial if it is generated by a free subset in R^. 
(zzzj A fan E in R^ is a finite set of polyedral convex cones, such that: 

- Any face of a cone a E is also in E. 

- the intersection of two cones in is a face of them, 
(iv ) The fan E is simplicial if all its cones are. 

Definitions, (z) Let be a simplicial fan in H'^. Denote by n\, . . . ,np the generators of 
its cones of dimension 1 . We define : 

Ge = {(Ml, • • • , /^p) e G^; n M<"^l^> = IVx e R'^} c 

ill) A set {ui^, . . . ,nif,} is primitive if it is contained in no cone of E, but each strict 
subsets are. If {ni^, . . . ,ni^} is primitive, let } be the linear subvariety of the 

affine space A^ defined by xi^ = 0, . . . , aj^^. = 0. 
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(zzz) Finally, let 

{ni^,...,nii^} primitive 

called the exceptional set. 

The torus over k acts on the affine space A'' over k diagonaly, by 

(ill,..., lip). (xi,..., Xp) := iiiixi, iipXp). 

The subgroup Ge of acts in the same way by restriction, and leaves stable the open 
set A'' — Z-£. Hence, one can define: 

Definition The toric variety associated to S is the quotient variety 

Ps = A^-Zs/Ge. 

If {xi, . . . , Xp) lies in A^ — Z, we denote by [xi, . . . , Xp] e Pe its class modulo G. 

Note that the quotient Pe exists without restriction on the characteristic, thanks to 
[7]. Since S is simplicial, a theorem of Cox asserts that this definition coincide with the 
usual one, given for instance in [8], or in [5]. 

II-2. Sub-varieties of simplicial toric varieties. Let E be a simplicial fan in R*^, with 
1-dimensional cones ni,...,np. Suppose that the group Ge is isomorphic to GJ!^ with 
action on A^ given by 

r r 
{ill,..., Hr)-{xi, . . . , Xp) = ( JJ ll^j^'^Xj, ,Yl /^""''^i) 

j^l 3=1 

for some Oj^j G N, with 1 <i < p, 1 < j < r. 

Consider the polynomial ring k[Xi, . . . , Xp] with one variable Xi for each for 1 < 
i < p. The ring k[Xi, . . . , Xp] is endowed with a multigraduation 

degXi = (ai,i,...,aj,r) e N"". 
Let P e k[Xi, . . ., Xp]. The following remark is crucial: 

The condition P{xi, . . . , Xp) — is independant of the choice of the representative 
(xi, . . . , Xp) in A^ — Ze of the class [xi : . . . : Xp] in Pe if, and only if, P is homogeneous 
for the associated multigraduation. 

Hence, we can associate to each (multi)-homogeneous ideal / of k[Xi, . . . , Xp] a sub- 
variety of Pe 

V{I) := {[a;i, ...,Xp]e Pe, such that P(xi, . . . ,Xp) = for all P e I}. 
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II-3. Examples. In the following, we denote by (ei, . . . , e^) the canonical basis of R^. 

II-3-1. The projective space over k. Let ni = ei,...,nd = e^, and no = — (ei + 

. . . + Cd). For each free familly / C {no, ni, . . . , nd}, let aj be the convex polyedral cone 
generated by {e^, i G /}. The collection of these aj form a fan E. Here, one as p = d + 1. 
An elementary calculation shows that G-£ = {(/U, /U, . . . , /u) G G^^}, so that Gt, — Gm, 
whose action on A'' = A'^^^ is given by /^.(xo, xi, . . . , xa) — (/xxq, . . . , /xxd). Finally, the 
only primitive set is {no,ni, . . . ,nd}, so that the exceptional set is Zy: = {(0, ...,0)}. 
Hence for this fan, one have 

P5, = A^+i-{(0,...,0)}/G^ = P'^. 

As is well known, a polynomial P{Xo, Xi, . . . , Xd) defines a subset of P'' if it is homoge- 
neous for the standard graduation. 

For positive integers ao,ai, . . . ,ad, the weighted projective space P{ao,ai, . . . ,ad) 
is defined in the same way with rii = -^ei, . . . ,nd = -^ed, and no = —-^(ei + ...+ 
Cd), giving a fan E^. Here, Gs„ — Gm with action on A'^"'"^ given by iJ,.{xo, . . . , Xd) = 
(//"°xo, . . . , ii°''^Xd)- Hence, a polynomial -P(Xo, Xi, . . . , Xd) defines a subset of P(ao, ai, 
. . . , ad) if it is homogeneous for the graduation where degXj = G N. 

Example: Varieties of type III. Let n > 2, d > 2 and d' > 2 three integers such 
that d' divides d. Fix an hypersurface X — xjp of degree in P"^ whose equation is 
P{xoj • • • , Xn) = 0. As stated in the introduction, there exists (only one if k is algebraically 
closed) an n-dimensional unramified covering Y = vj^^, of P"^, whose ramification divisor 
is X . One can write the equation of Y in the weighted projective space of dimension n + 1: 

Y = {[xo, ...,xn,y]e P("+1) (1, . . . , 1, d/d'); / = Pixo, Xn)}. 



II-3-2. Blowing up of P^ along a point. To construct the blowing up of P^ along 
[0,0, 1], we start with the fan S defining P^ in example H-S-l, which have three maximal 
cones C{ni,n2}7 '^{ni,no} '^{n2,no}- For simplicity, we denote by [x, y, z] the class in P^ of 
the point (x, y, z) G A"^ — {(0, 0, 0)}. We define a new fan by keeping the last two maximal 
cones (and their faces), add another vector ns = ei + e2, an split the maximal cone o'{ni,n2} 
into 2 cones cr^^^^^^j and C''{n2,n3}- We obtain a new fan E. Now, p = 4, and it is easily seen 
that (pi, /^3, A*4) G G~ if and only if pi = and ns = IJ^ilJ^'i- If we denote n = jJii — ^2 
and = /X4, we have fi^ = jiv. Hence, G~ ~ G^, whose action on [x^y^z^v) G A^ is 
given by {iJ,,iy).(x,y, z,v) = {/ix, ny, iJ,uz,ut). Moreover, the primitive sets are {77-1,712} 
and {77-0,77-3}, hence the exceptional set is Z~ = {(0,0)} x A^ U A^ x {(0,0)}. 

Then P~ is the blowing up of P^ along [0, 0, 1]. Indeed, let tt : P~ — > P^, given by 
n{x,y,z,v) := {vx^vy, z). One observe that this map is well defined, because changing 
(a;, y, z, t) by (//, i^)-{x, y, z, t, v) changes the image by {nux, nuy, iiuz). Moreover, this is an 
isomophism outside [0, 0, 1], and the inverse image of [0, 0, 1] in A^ — Z~/G~ is isomorphic 
to P^ 
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Finally, a polynomial P{X, Y, Z, V) defines a subset of P~ if it is homogeneous for the 
graduation where degX = degY = (1,0), degZ = (1, 1) and degV = (0, l)nN^. 

II-3-3. Blowing up of along a line. Let E be the fan in defining P"^, which 
contains 5 cones of dimension one (T„ and 5 maximal simplicial cones o", ^ , for 

^ {no,...,ni,...,n4} 

< z < 4. Let L be the line xi = X2 = xs = 0. We will construct the blowing up of 
P^ along L as a toric variety. We add the vector ns = ei + 62 + 63, and we split both 
maximal simplicial cones cr{ni,n2,n3,n4} C{ni,n2,n3,no} i^i^o 3 cones by replacing each 
Ui, for i = 1, 2 and 3, by n^. We obtain a new fan E/, with 6 cones of dimension 1, namely 
Hi for < i < 5, and 3 + 3 + 3 = 9 maximal simplicial cones of dimension 4. 

It is an easy mater to see that (//i)o<i<5 £ if, and only if, ^1 = /X2 = A*3 = A, 
115 = ji and Ho — — A/i. Hence, G~ ~ G^, with action on given by 

(A, ll).{xo, ...,X5) = {X/IXq, Xxi, XX2, Xx3, X11X4, 1^x5). 
Moreover, the exceptional sets are {ni,n2,n3} and {no, 77-4, 77-5}, hence 

= {(0, xi,X2, X3, 0, 0)} U {{xo, 0, 0, 0, X4, x^)}. 
The blowing up morphism tt = P~ — > P^ is given by 

(//.3.3.1) ttHxq, . . . , 0:5)) = (xo, X5X1, X5X2, X5X3, X4). 

One observe that this map is well defined, is an isomorphism outside L, and that the 
inverse image of L in A^ — Z~ /G~ is isomorphic to P^ x P^. 

Finally a polynomial P{Xq, . . . , X5) defines a subset of P~^ if it is homogeneous for 

the graduation where degXi = degX2 = degXa = (1,0), degX^ = (0, 1) and degXo = 
degX4 = (l,l)eN2. 

Example : Varieties of type IV. As stated in the introduction, we will consider for 
the sake of simplicity only the case of a 3-fold X — X^ C P"^ containing a line L with 
multiplicity 3. Denoting by [xq,xi,X2,X3,X4\ the homogeneous coordinates in P^, one can 
assume, up to a linear change of variables, that L is the line xi = X2 = X3 = 0, that is the 
a;4 axis. 

The fact that L have multiplicity 3 in X means that the affine equation of X in the 
open set xq = 1 is of the form 

P3ixi,X2,X3) + P4ixi,X2,X3,X4) + Pbixi, X2, X3, X4) = 0, 

where Pi is an homogeneous polynomial of degree i for the standard graduation. Now, the 
assumption that L is contained in X implies that x^ divides both ^4(0:1, X2, X3, X4) and 
P5{xi,X2,X3,X4). Hence, X have homogeneous equation (for the standard graduation) 

P{xo,Xi,X2,X3,X4) = xlP3{xi,X2,X3) + XoX4Q3{xi, X2, X3) + X4Q4{xi, X2, X3) = 
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where P3 and Q3 are homogeneous of degree 3, and Q4 is homogeneous of degree 4 for the 
standard graduation. 

Now, if TT is the blowing up map given by formula (//.3.3.1), we have: 
<S=^ P{xo, X1X5, X2X5, X3X5, X4) = 

<(=^ xl {xIP3{xi, X2, X3) + XoX4Q3{xi, X2, X3) + X4X5Q4{xi, X2, X3)} = 0. 

By removing three times the strict transform X5 = of L from this set, we obtain that the 
strict transform of X in P~ has equation 

(//.3.3.2) X^^^ : xlPsixi, X2,X3) + XoX4Q3{xi,X2, X3) + X4X5Q4{xi,X2, X3) = 0. 

One observe that this is an homogeneous equation of bi-degree (5, 2) e N^. 

III. Arithmetic over finite fields. In this chapter, k is the finite field with q elements. 

III-l. Multigraduate Che valley- Warning theorem. Wc will begin by showing that 
the corollary of Esnault theorem is easy to prove for varieties of type II, III and IV, and 
that this proof works also in the singular case. 

Theorem 1. Let Fq[Xi, . . . , Xp] be the polynomial algebra graduated by . Suppose that 
degXi e /or 1 < z < p. Let 

(ai, . . . , a^) = deg Xi + . . . + deg Xp. 

Let P G Yq[Xi, . . . , Xp], of multidegree (di, . . . , dr). If there exists j such that dj < aj, 
then the number of solutions {xi,...,Xp) e of the equation P{xi,...,Xp) = is a 
multiple of p. 

Proof. Let ici'i,j)i<j<r = degXj for 1 < z < p, so that aj = J^f^i aij. We have, with 
a = (ai, . . . ,Q!p): 

p{xi,...,xpy-^= J2 

aiaij+...+apapj<dj(q — l),l<j<r 

where = x^^ x . . . x Xp" . Hence, if iV = tl{(xi, . . .,Xp) G A''(Fg); P{xi, . . .,Xp) = 0}, 
we have 

N= E (1 - ^(^)'"') 

xeFgp 

= - Pi^y~^ {modp) 
xeFgp 

p 

= - (^afliY ^^'^ (modp). 
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But as is well known, for a e N, we have X^xeF, = 9 — 1 if « £ — 1), and is zero 

else. Hence, if QJiai Jo + .. .+apap Jo < < aj„(g-l) < (g-l)aijo + . . . + (g-l)apjo 

for some jo, we have that < a^^j,, < q — 1 for at least one index i G {1, . . . , p}, so that 
each product in the above formula for N vanishes, hence A'" = {mod p). 

III-2. Multigraduate Ax theorem. With more efforts, but with a similar proof than 
in the classical case, we can prove an Ax theorem for varieties of type II, III et IV, 

Theorem 2. Let Fq[Xi, . . . ,Xp] be the polynomial algebra, graduated by Z^. Suppose that 
degXi eN''forl<i<p. Let 

(ai, . . . , a^) = deg Xi + . . . + deg Xp. 

Let P e Fq[Xi, . . . , Xp], of multidegree {di, . . . , dp) and 

N = tt{(a;i, ...,xp)e A^(F,); P{xi, ...Xp) = 0}. 

Then N = {mod q^), where ji = maxi<j<r 

Proof. We will prove only for simplicity that = {mod q^'^) for ni = '^^^^^ ■ 

One may assume that di < ai. We will adapt Ax's original proof given in [1]. We will 
begin by collecting in lemmas 3, 4, 5 and 6 all results from [1] whose proofs don't use any 
consideration on the graduation. We will then conclude for the multigraduations case. 

Let {ai,j)i<j<r = degXj for 1 < z < p. First of all, we recall (and modify slightly) 
Ax's notations. If 



W = = (wi, . . . , Wj-ho) G N'' I weight{w) :— ai^iWi + . . . ap^iWp < di | , 

then one can write P{X) — J^wew ci{w)X'^ for some a{w) G Fq. Let T be the TeichmuUer 
set of representatives of in the unramified extension K of Qp whose residue field is F^. 
Let ^ be a primitive p-th root of unity in Q^. By Lagrange interpolation theorem, there 
is an unique polynomial 

q-l 

C(C/)= 5^c(m)C/™GK(C)[C/], 

m=0 

such that C{t) = (^^^./^p^^) for any t G T. 
Lemma 3 (Ax). We have 

c{m) = mod (1 - C)"^""^ 
for any < m < q — 1, where a{m) is the p-weight of m. 
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Proof of lemma 3. This is relation (4) in [1] . It follows from Stickelberger theorem. 
Let M be the set of functions m from to {0, . . . , g — 1}. For m e M, let 

e(m) = mi{w) w e N^, 



and 



e(m)' = mi{w) e N. 



Lemma 4 (Ax). 



wew 

n ^Ki^')) 



X 



X 



.wew 



teTP t'6T J 



teTp 

where A{w) is the Teichmuller representative of a{w) in T. 

Proof of lemma 4- This is relation (5') in [1]. The proof involves the existence of an 
additive character P from Fq with values in K. 

Lemma 5 (Ax). Let m E M . 

{%) If e{m) and e{m)' are not both multiples of q — 1 in and N respectively, then 



t€TP t'€T 



(zz) Suppose that e(m) and e'{m) are multiples of q— 1. Denote by si e {0, 1, . . . ,p} the 
number of non-zero entries ofe{m), and by S2 € {0, 1} those of e'{m). Then 

^e(m)^ ^fe'{m) = _ ]^^si+S2^P+l-si -S2 _ 

teTP t'eT 



Proof of lemma 5. This is relations (6), (6') and (6") in [1]. 

The statement of lemma 6 requiers the following notations. If n is any integer, and if 
p is the characteristic of F^, we write the decomposition of any integer n e N in bases p 
as 

n = ^nip\ 
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where < rii < p — 1. Then, we define a{n) = X^igN '^i- f ^ ^* ^® such, that q = . 

Lemma 6 (Ax). Let m e M , and ji, ■ ■ ■ ,jsi be the indices for which e{m)j ^ 0. We 
have 



di 



Proof of lemma 6. The proof follows the same pattern than formula preceding formula (8) 
one in [1]. 

We are now ready to prove theorem 2. From lemmas 4 and 5, the functions m 
whose contribution in the number N are non-trivial are those for which e(m) and e'{m) 
are both multiples of — 1 by non-zero integer-valued vectors. Let m be such a function 
and ji,...,js^ be the indices for which e(m)-,- ^ 0. Now, lemmas 3, lemma 6 and the 
fact that p divides (1 — C)^~^ imply that the exponant of the greater power of q dividing 

Hwew ^(j^iy^)) ^^^^ 

di 

Together with lemma 5, lemma 4 implies that 



with 



where 



q''\qN 



r = min r(ji, . . . , j^J, 

0<si<p;{aj^,i,...ajgj ,i}C{ai,i,...ap,i} 



di 



+ p - Sl. 



Now, for any {au-,,!, ■ ■ ■ afc;,,i} disjoint to {a^i,!, . . . aj^^,i}, we have 



h > 



di 



E'ii - di 
di 



Subsituting h = p-si and {afc^,i, . • .afc^,i} = {ai,i, . . . ap,i} - {a^^,!, . ..aj^^^i}, we obtain 



that r{ji,...,jsi) > 



di 



r "^d/M i which was to be proved. 



Remark. It is likely that a congruence relation d la Katz can be given for several polyno- 
mial equations, adapting Wan's proof given in [13] (see [11] for non-standard graduation 
byN). 
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III-3. Back to Esnault theorem for RC-quintic 3 folds. As we saw in section II. 3. 3, 
formula II. 3. 3. 2, the equation P{xq, . . . , X5) = of a RC-quintic 3-fold is homogeneous of 
degree (^1,^2) = (5,2) in the toric variety P~ of section II. 3. 3. Here, r = 2 and p = 6, 
and (ai,a2) = degXo . . . + dcgXg = (1, 1) + 3 x (1, 0) + (1, 1) + (0, 1) = (5,3). Since 
(^2 = 2 < a2 = 3, we have n = [^^1 = 1, and multigraduated Ax theorems asserts that the 
number of affine points Naff = |l{(iCO) • • • 1X5) e A^(Fg); P{xo, . . . ,0:5) = 0} is congruent 
to zero (mod = q). 

Now, we whant to study the number of rational points of the complete variety X)^ G 
P~ = A^ — Z~ /G~ . The exceptional set Z~ is given in section 1 1 1. 3.3. It is easily 
seen that it is contained in the affine zero set P{xq, . . . , ^5) = where P is given by formula 
II.3.3.2. Moreover, ~ G^, hence 

Naff - ]^Z~ 

^ - (q3 + q3 - 1) 

= 1 {mod q), 
as stated by Esnault theorem in this case. 

IV. Arithmetic over k{T), k algebraically closed. Always for the sake of simplicity, 
we will consider only the case of a RC quintic 3-fold of type IV over k{T), where k is 
an algebraically closed field. Of course, the following proof can be extended to many other 
subvarictics of "low degree" in some toric varieties. It is an extension in this toric case of 
the classical Tsen's proof. 

Theorem 3. Let X5 e P~ be a RC-quintic 3-fold, with equation P{xo, . . . ,0^5) = of 
the form II.3.3.2 with coefficients in k{T), where k is an algebraically closed field. Then 
xf^(/c(T))^0. 

~ (3) 

Proof of theorem 3. To begin with, recall the general equation II. 3. 3. 2 of e ^t,^' 

xIP2.{xi, X2: iCs) -|- XqXaQ:>,{xi, X2: X^) -|- X^X5Q4,{xi,X2, X3) = 0, 

where all polynomials have coefficients in k{T), and are homogeneous for the standard 
graduation, of degree given by their indice. Recall also that k[Xo, . . . , X^] is graduated by 
degXi = degX2 = degXa = (1,0), degXs = (0, 1) and degXo = degX4 = (1, 1) E N^. 

As in original Tsen proof, we extend each variable (a;o, ... ,0:5) into polynomial vari- 
ables 

s 

for < z < 5, with Xij e k. We have to prove that there exists {xo{T), . . . ,X5{T)) e 



A°(y^ - Z~^{k{T)), such that 
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xo{TfP3{xi{T),X2{T),X3{T)) + xo{T)x4T)Qs{xi{T),X2{T),X3{T)) 
+x4T)x5iT)Q4{xi{T),X2{T),X3{T)) = 0. 
This expression have the form 

5s+c 

J2Fn{xi,j,l<i<5;l<j<s)^0, 

n=0 

where Fn{Xij) is an homogeneous polynomial of degree (5, 2) for the graduation degXij = 
degXj. This equation is equivalent to the system with 5s + c + 1 equations and 6s + 6 
unknowns: 

< n < 5s + c, 
where we have to avoid the exceptional set 

Z~fi{T)) = {xi{T) = X2{T) = Xs{T) = 0} U {xo{T) = x^{T) = x^{T) = 0}. 
Now, the rational chow ring ^q(P~) is isomorphic to (this follows from [8], chapter 

5): 



Aq(P~J = Q[xo, . . .,X5]/ < Xi = X2= X3,Xo = Xa = Xi-\-X5,XiX2Xz = 0,XoX4:X5 = >, 

SO that denoting x = xi = X2 = X3, v = X5 and u = xq = 0:4, we have 

Aq(P~^) = Q[x,u,v]/ <u = x + v,x^ = 0,u\ = > . 

Since the zero set of an homogeneous polynomial of degree (5, 2) is equivalent in 
Aq(P~ ) to 3x + 2u = Ax + u + V, we have only to prove that (3a; + 2tt)^*+''+^ 7^ in the 
new ring 

A'q:=Q[x,u,v]/ <u = x + V, x^'+^ = 0, u^'+\'+^ = > . 
In fact, we have in Aq, for s large enought: 

(3a; + 2^)^*+'^+^ x v'-''+^ = (u + v + 4x)^'+''-^ x v'-''+^ 

= 7a;3^+2 ^ ^2s+2^s 

where 7 is a positive integer linear combination of non-zero binomial coefficients. This 
proves that (3a;-|- 2tt)^*+'^+^ x 1;*"'^+^, hence also (3a;-|-2tt)^*+'^+^, are non-zero in ^q, and 
the proof is complete. 
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Remark. To extend this theorem to subvarieties of other toric varieties over k{T), we 
have to extend the variable Xi to the polynomial variable + txi^i + . . . + Xi^sai ^t^"'^''^ if 
degXj = {ai,j)i<j<r- 
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